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1 Introduction 

Recently, in [T] A.B. Antonevich, V.I. Bakhtin and A.V. Lebedev introduced a new crossed 
product of a C*-algebra by an endomorphism (for abbreviation we shall call it ABL-crossed 
product) which in a sense, see generalizes all the previous approaches to constructions 
of that kind in the case of a single endomorphism 0, [S] [O], [Z], [Hj- Afterwards, 
see jO], the ABL-crossed product was adapted to the case of actions by a semigroup r+ 
which is a positive cone of a totally ordered commutative group F. It is fundamental 
that the ABL-construction arose against a background of R. Exel's crossed product [Zj, 
which (was dapted to the semigroup context by N. S. Larsen (TU] and requires a unital 
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C*-algebra A, a semigroup homomorphism a : F"*" — End(^) where End(^) is the set of 
endomorphisms of A (with composition as a semigroup operation), and also it depends 
on a choice of transfer action, i. e. a semigroup homomorphism L : F"*" — > PosLin(^) 
where PosLin(^) is the set of all linear bounded positive maps on A, such that 

L^(a^(a)6) = aL^^b), for all a,b & A and x G F^. 

In other words Exel's crossed product is a certain C*-algebra associated to the system 
{A,T~^,a,L) consisting of four elements (cf. Example 2-adic), whereas the ABL-crossed 
product PP, P, depends only on the triple {A, F+, a). The price to pay (which eventually 
is not that high, see P) is that ABL-crossed product is defined only for a special class of 
finely representable systems (^, F+,a), see jHl, DP- 

A link between Exel's and ABL-crossed product is provided by the result of V.I. Bakhtin 
and A.V. Lebedev [TT] which being stated in the semigroup language says that {A, F"*", a) 
is finely representable if and only if there exists a transfer action L for (^, F"'",a), such 
that 

ax{Lx{a)) = aa;(l)aa^(l), for all a & A, x E F"*", (1.1) 

in which case L is called a complete transfer action. It is important that the complete 
transfer action, if it exists, is unique and a and L determine uniquely one another via the 
formulae 

see jTTt Theorem 2.8], [9j Theorem 2.4]. 

Let us note that, although one can not help feeling that in the above picture the 
action a is somewhat privileged, there is no particular reason to single out a since we 
have one-to-one correspondence a < — > L (in the ABL-context, of course). This simple 
observation is a starting point for the present article. We attempt to clarify here a number 
of questions which arise naturally: 

• Why not carry out the ABL-construction starting with L rather than with a? 

• Is it necessary for one of the elements in the pair {a, L) to act by multiplicative 
mappings? 

• What happens if we drop this multiplicativity condition, which of the results con- 
cerning ABL-crossed products can be carried over then? 

Furthermore, we are not simply interested in generalizing ABL-crossed product. We also 
aim at a powerful tool to study crossed products the so-called Isomorphism Theorem jT2] , 
[T^ . [H], jH] which has not been studied in the ABL-context yet. 

We have to mention one more important fact. In a similar dissatisfaction of an 
asymmetry between actions and transfer actions in the construction of Exel's crossed 
product led R. Exel to an object which he called interaction. Simply, due to the author 
of ^H] interaction is a pair (V, Ti) of two positive bounded linear maps on a C*-algebra 
A such that 

Vonov = v, noVon = n 
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and H\v{A) are multiplicative. 

It is quite striking that a connection of the article J3] with the present paper is completely 
analogous to that of Exel's crossed product with ABL-crossed product (which will become 
clear during the further reading). 

The paper is organized as follows. 
In Section |21 we convert Exel's notion of interaction to the semigroup case and present 
some of its properties. Then in Section El we define complete interactions, explain its 
connection with complete transfer actions, and give a few characteristics of this notion. 
SectionlHis devoted to finely representable actions and associated crossed products. Here, 
we define finely representability of an action V and then show that it implies the existence 
of (necessarily unique) action TC such that the pair (V, H) is a complete interaction. We 
also develop some terminology and facts concerning the internal structure of the crossed 
product, which we use later in Section El to obtain a necessary and sufficient condition for 
a representation of the crossed product to be faithful. The final Section is dedicated 
to the Isomorphism Theorem which holds for the so-called topologically free actions. We 
present here a definition of a topological freedom for complete interactions, which in fact 
is a verbatim of the corresponding definition for partial actions, see [Hj- Though in the 
generality under consideration we failed to establish the Isomorphism Theorem we man- 
aged to obtain a partial result, see Theorem 16.41 and we obtained a complete goal, see 
Theorem 16.51 in the case of ABL-crossed products, that is when one of the actions from 
the pair (V, H) acts by endomorphisms. 

The author wishes to express his thanks to A. V. Lebedev for a number of comments 
and remarks which contributed to the preparation of the present paper. 

2 Interactions 

Let us start with establishing notation and more accurate definitions of basic notions 
appearing in the text. Throughout the paper we let A denote a C*-algebra with an 
identity 1, and r+ to be a positive cone of a totally ordered abelian group F with an 
identity 0: 

r+ = {x G r : < x}, r = r+u(-r+), r+ n (-r+) = {o}. 



2.1 We say that V is an action of r+ on ^ if V : r+ ^ PosLin(^) is semigroup 
homomorphisms, and then for each x G we denote by V^; : ^ ^ ^ the corresponding 
positive linear map: 

Vo = Id, V^oVy = V^+y, x,y e F+. 

If V acts not only by linear but also multiplicative maps then usually we shall denote it 
by a and call the triple {A, F"*", a) a C*- dynamical system, cf. j^j. 

The following is a simple modification of [HI Definition 3.1]. 
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2.2 A pair (V, 7i) consisting of two actions V and Ti of F"*" on a C*-algebra A will be 
called interaction if for each x G r+ the following conditions are satisfied 

(i) = v., 

(ii) HxVx'Hx = Hx, 

(iii) Vi.(a6) = Vx{a)Vx{b) , if either a or 6 belong to 7i^(^), 

(iv) Hxiab) = 'Hx{a)TCx{b), if either a or 6 belong to Vx{A). 

We stress that the preceding definition is not a straightforward generalization of the one 
given by R. Exel in [16 (and presented above in the introduction). 

Example 2.3 Let A = M2(C) be the algebra of 2 complex matrices. We define two 
positive maps on A by the formulae 

XX an / 1 1 \ an + ai2 + a2i + a22 / 1 0\ 
V((a.,)) = — ^ ^ J , 7^((a.,)) = [o o)- 

It is a pleasant exercise to show that V and 7i satisfies the conditions i) - iv) from 12. 2( and 
hence they form an interaction in the sense of ^3]. But they do not yield an interaction 
in our sense because, for instance, o o TC^ ^ TC^. Actually, the obstacle here is that 
V and Ti. are implemented by a partial isometry which is not a power partial isometry (in 
particular V{l)n{l) ^ 7^(1)V(1), cf. Proposition 

However, thanks to 15, Propositions 2.6 and 2.7] the following fundamental properties of 
interactions are true. 

Proposition 2.4 Let (V,7i) be an interaction, and let x eT^ be fixed. Then 

i) Vx{A) andHx{A) are C* -subalgebras of A, 

ii) Ey^ = o Tix is a conditional expectation onto Vx{A), 

iii) Et-i^ = Tix o Vx is a conditional expectation onto TixiA), 

iv) the mappings 

Vx : HxiA) ^ V.(^), Hx : V.(^) ^ Hx{A) 

are * -isomorphisms, each being the inverse of the other, and we have = Vx o E-}i^ 
and Hx = Hx o E^^ . 

As the algebra A considered here is unital we may (for any interaction (V,7i)) study the 
elements Vx{l), Hxil), x E T~^, which happen to have very useful properties. 

Proposition 2.5 Let A contain the unit 1 and let V and Ti be actions on A forming an 
interaction (V, Ti) . Then 

i) {Vx(l)}xer+ o,nd {Hx{l)}xer+ form decreasing families of orthogonal projections. 
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a) for any a & A and any a;, y G F"*" such that y > x we have 

Vy{n^{l)a) = Vy{an,{l)) = Vy{a), ny{V,{l)a) = Hy{aV^{l)) = Hy{a), 
in particular for y > x 

VyinAl))=Vyil), 7^,(V.(1))= 7^,(1), 

Hi) for any a E A and any x, y G r+ such that y > x we have 

a = V^(l)a = aV^{l), if a e Vy{A), 
a = Hx{l)a = aHx{l), if a E Ti.y{A). 
Proof, ii). Let us observe first that -E'v^(l) = Vx{l)- Indeed, we have 
EvAl) = VxiHxil)) = VxiHxim = V.(7^.(1))V.(1) = Vx{Hx{l))Vx{nx{Vx{l))) 

= Vx{nx{mx{Vx{i))) = Vx{nx{iVx{i))) = Vx{nx{Vx{i))) = v,(i). 

For any a E A and any y > x thus we have 

Vy{nx{l)a) = Vy^x{V.{nx{l)a)) = Vy.x{V.{nx{l))Vx{a)) = V,_,(V,(l)V,.(a)) = V,(a). 

Taking adjoints one obtains Vy{aTCx{l)) = Vy(a) and hence (by symmetry) ii) is proved, 
iii). Let a = Vx{b) for a certain b E A. By ii) we have 

a = Vx{b) = VxiHxim = VxiHxim = V,(7^,(1))V,(6) = V,.(l)a, 

and similarly a = aVx{^)- The proof for Tix is analogous. 

i) Let us show that Vx{l) is a projection. Since Vx is positive Vx(l) is self-adjoint and it 
is an idempotent because 

V.(l) = Vx{EnAl)) = Vx{En.W) = V.(E„,(1)) V.(l) = V.(1)V.(1). 
Now let us observe that Vx(l) > Vy{l) for y > x. Indeed, using ii) twice we have 

Vx{i)Vy{i) = v.(i)v.(v,_.i) = v.(K(i))v.((v,_.(i)) = Vx{nx{i)Vy-x{i)) 

= Vx{Vy.x{l))=Vy{l). 

Thus by symmetry Vx(l) and 7ia:(l) form decreasing families of projections. □ 

As one would like to think of interactions as of the natural generalization of C*- 
dynamical systems, one may be disappointed to see that for a C*-dynamical system 
{A, F"^, a) and its transfer action L, the pair (a, L) might not be an interaction. However, 
if the transfer action L is complete the pair (a, L) is always an interaction, see Proposition 
13.41 and the class of transfer actions that yield interactions is even wider (for definitions 
of transfer and complete transfer actions see Introduction). As an example we present 
here a simple corollary to Proposition 3.4 from [T3] . 

Proposition 2.6 Let L he a transfer action for a C* -dynamical system (^, F+,a) such 
that Lx{l) = 1 for each x G F*. Then {a, L) is an interaction. 
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3 Complete interactions 

Here we introduce a notion of a complete interaction which is a generahzation of the 
complete transfer action notion, see I3.41 Afterwards, for a given action V we write down 
the necessary and sufficient conditions for existence of an action Ti such that (V, Ti) is a 
complete interaction. Moreover, we show the uniqueness of such action 7i, see Theorem 
13.51 In order to show that in general an action does not determine uniquely an interaction 
we adapt to our needs an example from 

Example 3.1 (an example of a C*-dynamical system {A^T^^a) which admits uncount- 
ably many transfer actions satisfying assumptions of Proposition 12. 6p . Let A = C{X) 
where X = M (mod 1) and let F"*" = N. We define an action a by endomorphisms of A by 
the formula 

a„(a) (x) = a(2"x (mod 1)), n eN. 
We fix any continuous function p on X having the properties 

0<p(x)<l, P{^ + 1)+P{^) = XG[0,1). 

Take the standard tent map: T{x) = 1 — |1 — 2x\, x G [0, 1], and associate with p a family 
of CO cycles given by 

Po = 1 and Pn{x) = p(T'^^^{x)) ■ ... ■ p{T{x)) ■ p{x), for n > 0. 

Then it is not hard to check that pn satisfies the relations 

0<p„(x)<l, 5ZPn(|r + ^)=l, a;G[0,l), 

fc=0 

and the following formula defines an action L on C{X) 

2" — 1 

L4a)ix) = 5^ p„(^ + ^)a[^ + A), X G [0, 1), n G N. 

fe=0 

Clearly for any p chosen L is a transfer action for a and since L„(l) = 1 for each n G N, 
the pair {a,L) is an interaction by Proposition 12.61 

Definition 3.2 The interaction (V,7i) will be called complete, if the following conditions 
are satisfied 

n,iV^ia))=n^{l)an^{l), V,.(7^,(a)) = V,(l)aV,.(l), a; G r+, a e A, (3.1) 

nyii)v,ii) = v,{i)nyii), x,ye r+. (3.2) 

The interaction in Example 13. II is not complete because condition (|3.1|) is not fulfilled. 
The condition ()3.2|) is closely related to the following criterium for the product of partial 
isometrics to be a partial isometry, cf . Example 12.31 and the proof of Proposition 14.21 
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Proposition 3.3 Lemma 2] Let S and T be partial isometries. Then ST is a partial 
isometry iff S*S commutes with TT* . 

Now we explain the relationship between complete interactions and the complete transfer 
actions for C*-dynamical systems. We denote by Z{A) the center of A. 

Proposition 3.4 If L is a complete transfer action for a C* -dynamical system (.4, F"*", a), 
then the pair (a, L) is a complete interaction and 

L,(l) G Z{A), X G r+. 

Conversly, if (V,7i) is a complete interaction such that TLxiX) G Z{A), x G F"*", then 
F"^, V) is a C* -dynamical system and Ti is its complete transfer action. 

Proof. Let us prove the first part of the proposition. I2.21 i) follows from 2.2], and 
I2.2l ii) follows from P| 2.3], see also (2.15)]. Since is an endomorphism IT^ iii) is 
trivial. We recall that LxiX) belongs to the center of A and Lx{ax{a)) = Lx{l)a, cf. 
Theorem 2.4]. Hence ()3.1|) . ()3.2|) are valid and to show lT^ iv) we notice that 

Lx{a^{a)b) = aLr,{b) = aL^{l)L^{b) = Lr,{ar,{a))Lx{b). 

By taking adjoints one obtains Lx{bax{a)) = Lx{b)Lx{ax{a)). 

To prove the remaining part of the statement it suffices to show that if 7ix(l) belongs to 
Z{A) then Vx is multiplicative. By Proposition 12. 5( formula (j3.ip and the definition of 
interaction we have 

Vx{ab) = Vx{n{l)abH{l)) = VxiaHimmil)) = Vx{a)Vx{n{l)b{l)H{l)) = V,(a)V,(6) 
for arbitrary a, 6 G A, and the proof is complete. □ 

In view of the above proposition the following statement is a generalization of ^ Theorem 
2.4]. 

Theorem 3.5 Let V be an action ofV^ on A. The following are equivalent: 

1) there exists an action Ti such that {V,Ti.) is a complete interaction, 

2) (i) there exists an action Ti such that (V, Ti) is an interaction, 

{ii) Vx{A), T-Lx{A) are hereditary subalgebras of A for each x G F+, 
(Hi) Vx{l) and Hyi^l) commute for all x,y E F"*", 

3) {i) Va;(l) is an orthogonal projection and Vx{A) = Vx{^)AVx{^) for each x G F"*", 
(ii) there exists a decreasing family {Px}xer+ of orthogonal projections such that 

a) Vx{l) and Py commute for all x,y E , 

b) Vx{Px+y) = Vx{l)Py, for each x,y e F+, 

c) the mappings Vx'- PxAPx —>■ Vx{A) are * -isomorphisms. 
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Moreover the objects in 1) - 3) are defined in a unique way, i.e. the action Ti in 1) and 

2) is unique and the family of projections {Px}x&+ in 3) is unique as well. These object 
are combined by formulae 

= X e r+, (3.3) 

and 

= V-i(V,(l)aV,(l)), aeA, (3.4) 
where : a^^A) P^APx is the inverse mapping to Vx '■ PxAPx Vx-(^), x G r+. 

Proof. 1) 2). In view of ()3.1|1 and Proposition 12.41 it is enough to show that 2) (ii) is 
equivalent to ()3.2|) . It is straightforward that if ()3.2|) holds, then 

HxiA) = nx{l)Anx{l), Vx{A) = Vx{l)AVx{l) 

are hereditary subalgebras. Conversely, if Hx{A) and Vx{A) are hereditary subalgebras of 
A, then the argument used in the proof of [H Proposition 4.1] shows that Vx{l)AVx{l) C 
VxiA) and nx{l)Anx{l) C HxiA). By Proposition O we have HxiA) C ifx(l)^7^^(l) 
and V^(^) C V^(l)^Va;(l), and hence Q holds. 

1),2) =^ 3). Take Px = Ti.x{l), x G F"*". Item 3) then follows from Propositions 12.41 and 

1231 

3) 1). Fix X G F+. Let : Vx{A) = Vx{l)AVx{l) PxAPx be the inverse mapping 
to Vx : PxAPx VxiA). Define Hx by the formula Hxia) = Vx\Vx{l)aVx{l)). Clearly 
Tix is linear and positive, and ()3.1|) is fulfilled. Furthermore, I2.2l i). ii) hold. To prove 
I2.2l iii) we note that 

Vx{nx{Vx{a)b)) = V,(l)V,(a)6V,(l) = V,(a)V,(l)6V,(l) = Vx{a)Vx{nx{b)) 

= Vx{nx{Vx{a)))Vx{nxib)) = Vx{nx{Vx{a))Hx{b)), 

and as the elements 7ix{yx{ci)b) and 'Hx{yx{o))7ix{b) belong to the subalgebra PxAPx 
where the mapping Vx is injective, they coincide. Similarly one proves that 'Hx{cLVx{b)) = 
'Hx{a)nx{Vx{b)) and thusOiii) holds. 

The same argument proves IT^ iv) and therefore to show that (V,7i) is an interaction we 
only need to prove that Ti is an action of the semigroup F+. 
Using 3) {ii) and I2.2l iii) we have 

Vy{Px + yAPx+y) = Vy{Px+y)Vy{A)Vy{Px + y) = PxVy{A)Px 

and as Px+yAPx+y C PyAPy we obtain that Vy : Px+yAPx+y PxVy{A)Px is a *- 
isomorphism and the inverse is given by Tiy. Thus we have 

HyiHxiA)) = HyiPxAPx) = ny{Vy{l)PxAPxVy{l)) 
= ny{PxVy{l)AVy{l)Px) = TiyiPxV y{A) Px) = Px + yAPx+y 

Hence Hy(Hx{a)) and Hx+y{a) belong to the subalgebra Px+yAPx+y where the map Vx+y 
is injective, and as 

Vx+yiHyiHxia)) = VxiVyiHyiKxia))) = Vx{Vy{l)nx{a)Vy{l)) 
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= V,{P,Vy{l)P,)V,{n,{a))V,{P,Vyil)P,) = V,(V,(l))V,(7^,(a))V,(V,(l)) 
= V,.+,(l)V,(l)aV,(l)V,.+,(l) = V,+,(l)aV,+,(l) = V,+,(H,+,(a)) 
we have V^+y = VyoVx. 

The uniqueness of the objects in 1) - 3) is straightforward. □ 

4 Finely representable actions and their 
crossed products 

In this section we define finely representable actions as the ones possessing nondegener- 
ated covariant representations, and thereby possessing nondegenerated crossed products. 
These actions are closely related to complete interactions. Namely, it is not very diffi- 
cult to prove (see Proposition 14. 2j) that every finely representable action is a 'part' of a 
complete interaction, and although it might be difficult to prove it is very likely that the 
opposite is also true, cf. [TT], 0. 

Furthermore, we investigate a dense *-subalgebra of the crossed product via quasi-mono- 
mials. In particular we prove certain inequality which will be of primary importance in 
the forthcoming sections. 

Definition 4.1 Let V be an action of F"*" on a C*-algebra A. We say that V is finely 
representable if there exists a triple {C,a,U), called a covariant representation of V, 
consisting of a unital C*-algebra C, unital monomorphism a : A ^ C and a semigroup 
homomorphism U : F+ ^ C such that for every x eT~^, is a partial isometry, and for 
every a G ^, a; G F"*", the following conditions are satisfied 

a(V.(a)) = U,a{a)U:, U:a{a)U, E a{A) (4.1) 

Let us clarify how the interaction notion is involved in the above definition. 

Proposition 4.2 If V is a finely representable action of F+ on A, then there exists a 
(necessarily unique) action Ti such that {V,T-C) is a complete interaction. Moreover for 
any covariant representation {C, a, U) the following formulae hold 

(T(y,{a)) = U,cr{a)U:, a{n,{a)) = U:a{a)U„ aeA,xeT^. (4.2) 

Proof. If conditions ()4.1|) are satisfied then (identifying A with cr{A)) one can set 

^x(-) = U:i-)U,, X G F+. 

Using fundamental properties of partial isometrics one easily verifies that (V, 7Y) is an 
interaction and that conditions p.ip are satisfied. Condition ()3.2|) follows from the fact 
that UxUy = Ux+y is a partial isometry, and Proposition 13.31 Thus (V, ?i) is a complete 
interaction. By Theorem 13.51 Ti is unique, and hence (|4.2p holds for any covariant repre- 
sentation of V. □ 

The following statement is partially converse to the above one. 
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Theorem 4.3 Let (V,7i) be a complete interaction such that one of the equivalent con- 
ditions i), ii), Hi) hold 

i) each Vx is an endomorphism, 

ii) Hxil) e Z{A), for all x E T+ , 

Hi) F"*", V) is a C* -dynamical system, 

or a counter part of one of them with V replaced by Ti hold. Then both V and Ti are finely 
representable actions. 

Proof. If follows from Proposition 13.41 and Theorem 3.2]. □ 

Unfortunately the author was not able to answer the following general question: 

Problem. Let (V, 7i) be an arbitrary complete interaction. Are the actions 
V and 7i finely representable? 

Fortunately, this obstacle does not really affect our further considerations. 
Let us note that by Proposition l4.2l everv finely representable action V determines uniquely 
another finely representable action Ti such that for every covariant representation (C, cr, U) 
of V the triple (C, cr, U*) where {U*)x = U*, is a covariant representation for H and vice 
versa. In particular, Ti. is finely representable and in view of the following definition the 
crossed products by V and Ti. coincide. 

Definition 4.4 Let V be a finely representable action and let (V, Ti.) be the corresponding 
complete interaction. The crossed product (also called covariance algebra) of the C*- 
algebra A by the action V, which we denote by ^ x (v,^^) F to indicate the role (and the 
symmetry) of the interaction (V,7i), is the universal unital C*-algebra generated by a 
copy of A and a family {Ux}xer+ of partial isometries subject to relations 

Vx{a) = UxaU*, Hxia) = UlaUx, a e A, x € F+, (4.3) 

UxUy = Ux+yi 3;, ?/ G F"*". 

If (C, 0", U) is a covariant representation of V then we denote by (cr x U) the homomorphism 
of ^ X (v F into C established by 

{a xU){a) = a{a), {a x U){Ux) = Ux, a G ^, x G F+. 

In order to study covariance algebras it is important to understand the structure of 
a *-subalgebra Co of A X(v,-h) F generated by A and a semigroup U = {Ux}x£r+- Let us 
thus investigate Cq. 

The basic elements in Co are the ones of the form 

n n 

Y[ aiU*^ = aiU*^a2 ■ ■ ■ ajjl^, JJ ailJx, = aiUxia2 ■ ■ ■ anUx„, (4.4) 

1=1 1=1 

xi,...,Xn G F+, ai, ...,an G A. We shall call them monomials of negative and positive 
type respectively. In this context the element xi + ... + x„ is a degree of both of these 
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monomials, and any finite sum of monomials of the same type and the same degree will 
be called a quasi-monomial. Namely quasi-monomials of degree x are the elements of the 
form 

n n 

q-.= Yl n«r'^.*' E U^'^y^ (4.5) 

y^ivi, ■■■■yn)sQ i=l y=(y\,---,yn)&Q i=l 

y\ + ...+yn—x yi + ---+yn—x 

where Q is a finite set consisting of finite sequences with entries in F"*" (presumably with 
different lengths). In particular every quasi- monomial go of degree is in fact a monomial 
and go £ We claim that 

Proposition 4.5 Co consists of finite sums of monomials fl4.4|) . and a fortiori of sums 
of quasi-monomials. 

Proof. It is clear that the finite sums of monomials form a self-adjoint linear space (con- 
taining A and {Ux}x£r)- In fact they form an algebra because every "mixed monomial" 
0'iUxibiUy^a2Ux2 ■ ■ ■ (^nUx„bnU*^ equals to a "non-mixed monomial" in one of the forms 

Ci U*^ C2...Cm U*^ or Ci f/^, C2 . . . Cm Uzn, 

depending on whether xi -\- ■ ■ ■ + Xn < yi + ■ — h ?/n or ?/i + • — V y-n ^ xi -\- ■ ■ ■ + Xn (this 
is an easy fact due to the total ordering of V and ()4.3|) . □ 

Consequently, for any a G Co there exists a finite set F C r+ \ {0}, and a family of 
quasi-monomials q±x of degree x G Fand Oq G A, such that 

a = ^g_^. + ao + ^g^r- (4.6) 

x&F xGF 

Moreover, as the next proposition shows, the quasi-monomial of degree is uniquely 
determined by a. 

Proposition 4.6 For any a G Co, and any presentation of a in the form fj4.6|) the fol- 
lowing inequality holds 

\\ao\\ < \\a\\. (4.7) 

Proof. Take any faithful non-degenerate representation tt : ^X(v 7^)r H, and consider 
the Hilbert space H = ©^gr ^9 where Hg = H, for all g & T, and the representation 
z/ : A ^(v,H) r — > L{H) given by the formulae 

i.^i.(^)C)g = 7r(a)(^g), where a e A, H 3 ^ = {^g}ger ] 

{^mOa = <Ux){i,-x), Hu:)i)g = niu:)iUx). 

Routine verification shows that i^iA) and ^{Ux) satisfy all the conditions of a covariant 
representation and thus v is well defined. 

Now take any a G ^ x (y ^.^) V given by (j4.6j) and for a given e > chose a vector rj E H 
such that 

\\ri\\ = 1 and ||7r(ao)r7|| > ||7r(ao)|| - e. (4.8) 
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Set ^ E H by = S{Q^g)rj, where is the Kronecker symboL Then we have ||^|| = 1 
and the exphcit form of z^(a.)^ and ()4.8|1 imply 

p{.a)i\\ > ||7r(ao)r7|| > ||7r(ao)|| -s 

which by the arbitrariness of e proves the desired inequahty: 

> 11^^(0)11 > ||7r(ao)|| = ||ao||. 

□ 

Remark 4.7 It is clear that the form ()4.6p of a G Co is far from being unique in general. 
However, if (V, Ti) comes from a C*-dynamical system, i.e. one of the conditions 
from Theorem 14. 3l holds. then every monomial and every quasi-monomial of degree x G F"*" 
can be presented in one of the forms g.^ = U*a_x or = ajj^, cf. [T7]. Consequently, 
any element a G Cq can be presented in the form 

a = U^O'-x + Oo + a-xUx where a-x G Atjtj* and G UU*A. 

xGF x&F 

Moreover, see P, JZj, the coefficients a±x in the above formula are uniquely determined 
by a. 

5 Conditional expectation and 

faithful representations of crossed products 

From now on, we fix a finely representable action V and hence by Proposition 14 . 21 we also 
fix a complete interaction (V, 7i). Here we use Proposition 14.61 to define a conditional 
expectation from A yi{v,H) T onto A, for which certain 'spectral' formula holds, see (jS.ll) . 
and to give a criterion for a representation of ^ x (v,^^) F to be faithful. In the literature 
such necessary and sufficient condition plays important role and is usually called property 
(*) (for different versions and a history of property (*) see in particular [T7], [Hj, [T], [S]). 

The first advantage of inequality ()4.7p is that it implies that the mapping Eq : Cq ^ A 
given by 

£"0(0) = Oo 

where a is of the form ()4.6p . is well defined and can be extended to the conditional 
expectation acting on the whole of A xi(v,w) T. We shall show that using Eq one may 
express (by the formula generalizing the C*-equality ||a|p = a E A) the norm of 

elements from A X(v,w) F by the norms of elements from A, see Theorem 15.21 But first we 
need to estimate the growth rate of number of quasi-monomials appearing in the powers 
of an element a E Cq. 

Proposition 5.1 For any a G Cq there exists a family {F^} ken of finite subsets o/F+\{0} 
such that 

x£Fk xGFi, 
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where q±x{k) are quasi-monomials of degree x, x G r+, G and 

lim = 1 

where \F\ denotes the number of elements in a set F . In other words, the growth rate of 
number of quasi-monomials appearing in the k-th power of a is subexponential. 

Proof. Let a be given by ()4.6|) where F = {xi, then the quasi-monomials in ()4.6p 

are numbered by the elements of Fq = {0,±a;i, ...,±Xn}, and it is clear that the quasi- 
monomials appearing in a'' may be numbered by the set Fq = {yiy2---yk '■ Vi £ Fq}. Thus 
putting Ffc = Fq n (r+ \ {0}) and recalling that abelian groups are subexponential one 
obtains the hypotheses. □ 



Theorem 5.2 Let a E Cq G A >i{v,n) T. Then we have 



lim 



Eo [{a ■ a*)2'=] 



(5.1) 



Proof. Let a be of the form ()4.6|) . Applying to a the known equality lEI^i'^jll^ — 
m WYyiLi did*\\ (which holds for any elements di, ...,dm in an arbitrary C*-algebra) where 
m = 2|F| + 1 and dk, k = 1, m, are appropriate quasi-monomials, we obtain that 



|af <(2|F| + i: 



aoa* + [q-xq-x + qxqx) 



i2\F\ + l)\\Eoiaa*)\\. 



On the other hand as Eq is contractive we have ||ap = \\aa*\\ > ||£'o(aa*)|| and thus 

\\Eo{aa*)\\ < \\aa*\\ = \\af < (2|F| + l)||Fo(aa*)|| (5.2) 



Applying ()5.2|) to (aa*)'^ and having in mind that (aa*)'^ 
one has 



(aa*Y* and 11 (aa*)^''!! = llal 



Ak 



\Eo [{aa*f^] II < II (aa 



*\k 



\aa 



|4fc 



<(2|F,| + l)||Fo[(aa*)2^] 



where C r+ \ {0} is the set of all degrees of non-zero quasi-monomials appearing in 
a^. By Proposition 15. II we have limfc^oo(2|Ffc| -|- l)fe = 1, and thus 

< ||a|| < y2\Fu\ + 1 ■ 



Eq [{aa* 



\2fcl 



Eq [(aa 



implies that ||a|| = limfc_ 



Eq [(aa*) 



2/cl 



□ 



One would perceive the origin of the following definition in Proposition I4.fjl 

Definition 5.3 Let (C, cr, U) be a covariant representation of V. We shall say that 
(C, (T, U) possesses property (*) if for any element a G Co (that is for a of the form 
(|4.6p ) we have 

||Fo(a)||<||(axt/)(a)|| (*) 

or in other words 



l«o|| < 11$^ 



y=(vi,---,vn)eQ i=l 

, yi+---+Vn=x 



J 



+ a{ao) + ^ 

x£F 



y^{y\,---,yn)eQ i=l 

, yi+---+Vn=x 



J 
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We are ready to formulate and prove the main result of this section. 



Theorem 5.4 Let {C,a,U) be a covariant representation ofiV^Ti). The homomorphism 
(cr X f/) : ^ X(v 7^) r ^ C is a monomorphism if and only if (C, o", U) possesses property 
(*)■ 

Proof. Necessity follows from Proposition 14.61 In order to show the sufficiency take any 
a G Cq. By Theorem 15.21 and the definition of property (*) we have 

||a|| = lim Vll^o[(aa*)2'=]|| < lim VlK^ x U){aa*Y^\\ 

fe— >cx> fc^oo 

= lim VII (^^ X U){aa*f{a x U){aa*f\\ = lim '{I \\{a U){a)\f = || (a x f/)(a) || . 

k—>oo fe— >oo ^ 

Hence ||a|| = ||((t x f/)(a)|| on a dense subset of A X(v,h) T- D 

Corollary 5.5 There is the action of the dual group f by the automorphisms of Ax^y^n)^ 
given by 

Xa := a, a G A, XU^ := X^Ux, 
for X G r+, A G r, A^. = A(x) (here we consider T as a discrete group). 

Proof. Suppose that A>i(\;^n)^ is faithfully and nondegenerately represented on a Hilbert 
space H. Then for each A G f the triple {id, XU, H), where XU = {XUx}xer+, is a 
covariant representation possessing property (*), whence {id x XU) is an automorphism 

of^X(v,^)r. □ 

6 Topologically free interactions 

In this section we rely heavily on the paper ^3] where A. V. Lebedev undertook the 
issue of topological freedom for partial actions of groups and obtained the Isomorphism 
Theorem for partial crossed products. Roughly speaking, the contribution of the author 
of the present paper to the current section reduces nearly only to an observation that the 
definition of topological freedom given by A. V. Lebedev also makes sense in the context 
of complete interactions. In particular, Lemma 16.31 and its proof is an almost faithful 
verbatim of [T^ Lemma 2.7]. 

To start with let us note that a complete interaction defines in a natural way partial 
dynamical systems (the actions of a group F by partial homeomorphisms) on the primi- 
tive ideal space Prim^ and the spectrum ^ of ^ considered here as topological spaces 
equipped with the Jacobson topology. 

Let us give the description of these partial dynamical systems. For any a; G F+ we set 

Ax = v,(iMv,(i), A-x = nx{i)Anx{i), 

and thus we have a family {Ag}g^r of hereditary subalgebras of A. 

We recall that for any subset S C A the set supp 5 = {/ G Prim^ : x ^ S} is open 
in Prim^ (see |191 Proposition 3.1.2]), and for any hereditary C*-subalgebra B of A the 
mapping I I (1 B establishes a homeomorphism suppi? < — > Primi? (see jlSl Theorem 
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5.5.5]). Analogously, the set = {n E A : ti^S) 7^ 0} is open in A and for any hereditary 
C*-subalgebra i3 of ^ the mapping vr — 7r|g establishes a homeomorphism A'^ < — > B (see 
|19j . 3.2.1.). Thus we may and we shall identify the family {Prim^^jggr with the family 
{snppAg}g,zr of open sets in Prim^, and family {Ag}g^r with the family {^-^flggr of 
open sets in A. 

Let us define the mappings : A^x Ax, T-x ■ Ax — > A-x, for x G r+, in the following 
way: 

Tx{7i){a) = 7i(Hx{a)), 71 e A-x, aeAx, 

r_^(7r)(a) = 7r(V^(a)), n E Ax, a E A-x- 

By Theorem 5.5.7 in JHIj and are homeomorphisms. Let us also define the mapping 
tg : Prim A-g Prim^^, foigET in the following way: for any point / E Prim^_g 
such that / = ker vr where vr E A-g we set 

tg{I) = kerrg(7r). 

Clearly tg is a homeomorphism. 

Concluding, for Tg and tg defined in the above described way {T^j^gr defines an action of 
r by partial homeomorphisms of A and {tgjggr defines an action of P by partial homeo- 
morphisms of Prim^. 

Definition 6.1 We say that the interaction (V, 7i) is topologically free if one of the fol- 
lowing equivalent conditions holds 

i) for any finite set {xi, ...,Xk} C P^ and any nonempty open set U C PhmA-xi ^ 
... n PrimA-xt. there exists a point I E U such that all the points txX^), i = 1, ^ 
are distinct. 

ii) for any finite set {xi, ...,Xk} C P^ and any nonempty open set U there exists a 
point I E U such that all the points txX^)) = ^) ■■■) k that are defined are distinct. 

iii) If we denote by Gx the set 

G', = {/GPrim^_,:t, (/) = /} 
for any finite set {xi, C P^ \ {0}, the interior of the set IJILi is empty. 

The main statements of this section are Theorems 16.41 and 16.51 and the most important 
technical result is Lemma 16.31 Among the technical instruments of the proof of this 
Lemma is the next Lemma [6.21 which is useful in its own right. 

Lemma 6.2 ( JSl; Lemma 12.15). Let B be a C* -suhalgehra of the algebra L{H) of linear 
bounded operators in a Hilbert space H . If Pi, P2 E B' are two orthogonal projections 
such that the restrictions 

B\rj and B\r, 

(where Hp^ = Pi{H), Hp^ = P2{H)) are both irreducible and these restrictions are 
distinct representations then 

Hp^ -L -ff Pa- 



is 



Lemma 6.3 Let V be a finely representable action such that the corresponding complete 
interaction (V, 7i) be topologically free. Let [C, a, U) is a covariant representation of V, 
and let b be an operator of the form 

b = J2 ^^(ar")f^>K"") + f^K) + Yl (^{(^f)UxCr{a'^.) (6.1) 

where F is a finite subset of \ {0}. Then for every e > there exists an irreducible 
representation vr : (y{A) L{H.^) such that for any irreducible representation u : {a x 
U){A X(v,H) r) L{H^) which is an extension of n (H^, C H^) we have 

(i) \\TT[a{ao)]\\ > \\ao\\ - e, 

(ii) P^7i[a{ao)]P^ = P^u{b)P^ 

where G L{H^) is the orthogonal projection onto Ht^. 

Proof. As a is faithful we may and we shall identify throughout the proof (y{A) and A. 
For any a A and / G Prim^ we denote by a{I) the number 

a(J) = inf ||a + j|| (6.2) 

For every a & A the function a(-) is lower semicontinuous on Prim^ and attains its upper 
bound equal to ||a|| (see jTH], 3.3.2. and 3.3.6.). 

Let Jo G Prim^ be a point at which ao(-^o) = ll^^oll and vto be an irreducible representation 
of A such that Jq = kervro (thus ||7ro(ao)|| = ||ao||)- Since the function ao(-) is lower 
semicontinuous it follows that for any £ > there exists an open set U C Prim^ such 
that 

ao(/) > ||ao|| for every I E U. (6.3) 

As F = {a;i, ...,Xk} is finite and the interaction (V, 7i) is topologically free there exists a 
point I E U such that all the points t^Xl), i = 1, are distinct (if they are defined, 
i.e. if / G Prim^_^.-). 

Let TT be an irreducible representation of A such that ker vr = / and let u be any extension 
of TT up to an irreducible representation of (vr x U){A X(v,7i) T)- For this representation u 
we have 

where H^^ is the representation space for vr and is that for u. Furthermore for the 
orthogonal projection Pt, : Hy ^ Ht, we have "P^ G ui^A)' . 

By the choice of vr and ()6.3|) we conclude that there exists a vector ^ G such that 
llell = 1 and 

lk(ao)^|| > llfloll (6.4) 

Thus (i) is proved. 

To prove (ii) it is enough to show that for any monomials a{a^)UxCr{a^), a{a'[^)U*a{a~^) 
which are elements of the sum ()6.3|) we have 

z/((T(ar)f/,(T«)) P^ = 0, P^u(^a{ai^)U:a{a;^)'^ P^ = 0. (6.5) 

We will only prove the former relation as the proof for the latter one is completely analo- 
gous. We fix an element x in the set F = {xi, Xk} and consider the following possible 
positions of /. 
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If / ^ Prim A' then we have u{UxU*)P^ = 7r(V:r(l)) = and thus 
P^u{a{af)U,a{a-,))P^ = P^u{a{af)U,U:UM<))P^ 
= v{a{4))v{U^U:)P^v{U^a{a^))P^ = 0. 
If / ^ Prim then observing that v{UIUx)Ptt = 7r(7i^.(l)) = we have 

P^z/(a(an?7,fx«))P^ = P^u{a{a^i)U,)u{UlU^)P^u{a{at)) = 0. 

Finally let / G Prim A fl ViimA-x- 
In this case vr is an irreducible representation as for Ax so also for A-x and t±x{I) ^ 
Prim^Aa; (according to the definition of tg). Moreover we have 

u{U*Ux)r] = T], u{UxU*)r] = t] for any r] G H^. (6.6) 

In other words H^^ belongs as to the initial and final subspaces of z/(f/^) so also to the 
initial and final subspaces of I'iU*). 

We will use Lemma 16.21 where Pi = P^r and P2 = i'{Ux)Pn'^{U*). By the definition of u 
we have Pi e u^A)' and (jHSl) means that Pi = Piu{U*Ux) = Pii^{UxU*). Moreover 

u{Ux) : PiiH,) ^ P^iH,) 

is an isomorphism. Observe also that 

P2 e uiAx)'. (6.7) 

Indeed, for any a G Ax we have 

P2u{a) = v{Ux)Piv{U:)v{a) = v{Ux)Piv{Ul)v{UxU:)v{a) = 

uiUx)Pi[iyiU:MaMUx))uiU:) = v{Ux)PAHx{a))v{U:) = 

v{Ux)v{nx{a))v{U:Ux)Piv{U:) = v{Vx{nx{a)))v{Ux)Piv{U:) = u{a)P2. 

Thus (|6.7|) is true. In addition the irreducibility of i^{Ax)\ff implies the irreducibility of 
iy{Ax)\H^^ (here Hp, = Pi{H,) = and Hp, = P2{H,)). 
Now observe that for a G Ax we have 

Piu{a) = ^ 7r(a)Pi = a{I) = 

and 

P2u{a) = ^ u{Ux)PMU:)u{aVx{l)) = ^ 

iy{Ux)Piu {Hxia)) v{U:) = ^ v{Ux)Piv (Hxia)) Piu{U:) = ^ 

Piz/ {Hxia)) = ^ niHxia)) = ^ 7^.(a)(/) = ^ a(t,(/)) = 0. 

Thus, since the points I and t2;(-^) are distinct we conclude that the representations 
i^{Ax)\jjp and z^(w4.s)|j:^j^ are distinct. Applving Lemma 16.21 we find that 

Pi ■ P2 = 
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from which we have 

PMu.)Pn = PMu.Hu:u^)Pn = PMu.)PMu*M = PiP2^{u.) = o. 

Thus 

P^z/(a(af)[/,.(T«)) Pn = i^Haf)){PMU^)P^)i^ia{a^,)) = 

which finishes the proof of ()6.5|) and therefore the proof of the theorem as well. □ 
As a consequence, in the presence of topological freedom, we get that all covariant repre- 
sentations satisfy a 'weaker version of (*) property'. 

Theorem 6.4 Let V be a finely representable action such that the corresponding complete 
interaction (V, Ti.) be topologically free. Then for every element a & Cq of the form 

where F is a finite subset of \ {0} and for every (C, a, U) covariant representation of 
V , the operator (a x U){a) determines uniquely the coefficient qq. Namely for every a of 
the form (j6.8p the following inequality holds 

\\E,{a)\\<\\{a^U){a)\\. 

Since in the case of covariance algebras for C*-dynamical systems, see Remark 14.71 each 
finite sum of quasi-monomials may be presented in the form (j6.8p we immediately obtain 
the following statement, cf. also Proposition 13.41 

Theorem 6.5 (Isomorphism Theorem for C*-dynamical systems) 

Let (V, H.) be a topologically free complete interaction such that the hypotheses of Theorem 
\4.'^ hold. Then V and Ti are finely representable and for any covariant representation 
{C, a, U) the formulae 

{a X U){a) = a{a), {a x U){U^) = U^, aeA,xET^. 

determines the isomorphism (a x U) from A X(v7^) F onto (cr x U){A X(V7^) F). 

In view of the foregoing statement Theorem 16 . 41 mav be regarded as a part of Isomorphism 
Theorem for interactions. However, the following problem still remains open. 

Problem. Can the Isomorphism Theorem be extended to the general finely 
representable actions case? 
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